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Abstrat
A omputation of the Casimir eet for a real salar eld in four situa-
tions: on a segment of a line, on a irle and on both standard ommuta-
tive and nonommutative two-spheres is given in this paper. The main aim
of this paper is to disuss the Casimir energy on nonommutative sphere
within the theory with ommutative time. The omparasion with the non-
ommutative ylinder is also done.
1 Introdution
The energy of the vauum - zero-point energy - is a diret onsequene of
the quantum mehanis. Sine the birth of quantum mehanis a entral
question has been whether this vauum state energy ould have physial
(measurable) onsequenes. Casimir eet is one of the well-known dy-
namial eets of the quantum vauum state. Its importane follows from
the fat that this eet was not only theoretially predited but it was
experimentally veried. First time the attration of two parallel neutral
onduting plates due to eletromagneti vauum utuations was mea-
sured and then the large set of dierent experiments about the Casimir's
idea [1℄ was done by many ooperating experimentators and theoretiians,
for more information see for example [2℄, [6℄. The vauum state energy
should be of interest from the point of view of modern osmology due to
prodution of nonzero osmologial onstant [7℄, whih an drive the ina-
tion proess.
∗
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In this paper we are interested in the vauum state energy of a real salar
eld Φ in four situations whih dier in a way in whih the nonzero vauum
energy is aused. In the seond setion the salar eld on an interval (nite
segment of a line) is disussed. The nonzero vauum-state energy appears
as the onsequene of the boundaries. This example is most similar to the
original Casimir's idea [1℄ onrmed by the measurments of attration of
unharged onduting plates. In the third and fourth setions the Casimir's
energy of the salar eld on a irle (one dimensional sphere) and a two
dimensional sphere is disussed. In these ases the nontrivial properties
of vauum state follow from the nontrivial (dierent from the Minkowski
spae) topology. In the fth setion the new ideas of nonommutative
geometry are implemented: Casimir's energy is omputed on a two dimen-
sional fuzzy-sphere. In this ase "the problems" with renormalization and
regularization disappear. Nonommutativity yields a natural uto by in-
troduing a new fundamental onstant, fundamental in the sene of being
similar to the Plank onstant.
2 Salar eld on an interval
We start with a real salar eld Φ = Φ(t, x) dened on a spae interval
of length a: x ∈ 〈0, a〉. It means that our spaetime is a strip of two
dimensional Minkowski spae
1
with a spae size equal to a. The dynamis
of the lassial eld Φ with the mass m is given by the Lagrangian density
L = 1
2
∂µΦ∂
µΦ− 1
2
m2c2
~2
Φ2 , (1)
from whih the well-known equation of motion (Klein-Gordon) follows
1
c2
∂2Φ
∂t2
− ∂
2Φ
∂x2
+
m2c2
~2
Φ = 0 . (2)
Now we are to impose some boundary onditions on the (lassial) eld Φ.
We have to be aware of importane of boundary onditions whih play an
important role beause they dene the situation and should be imposed
in a physial way in a realisti situation
2
. We have hosen the Dirihlet
onditions
Φ(t, x = 0) = Φ(t, x = a) = 0 . (3)
The omplete orthonormal set of funtions obeying the boundary problem
(2),(3) with respet to the salar produt related to the eq. (2)
(Φ1,Φ2) :=
i
c
∫ a
0
dx (Φ∗1∂tΦ2 − Φ2∂tΦ∗1) , (4)
1
We are using the notation that spae-time interval ds is given by ds2 = c2dt2−dx2 = dxµdxµ
and x0 = ct, x1 = x and greek indies ∈ {0, 1}.
2
For example in the ase of an eletromagneti eld we have the well-known boundary
onditions on the surfae of an ideal ondutor.
ii
is as follows
u(±)n (t, x) =
(
c
aωn
)1/2
e±iωnt sin(knx) , (5)
where
ωn =
[
m2c4
~2
+ c2k2n
]1/2
, kn =
πn
a
, n ∈ {1, 2, 3, . . .} .
Any solution to our boundary problem an be expanded into the series
of funtions (5). The anonial quantization of the eld Φ is performed by
means of suh an expansion:
Φ(t, x) =
∞∑
n=1
[
u(+)n (t, x)a
+
n + u
(−)
n (t, x)an
]
, (6)
where a, a+ are the annihilation and reation operators obeying the
anonial ommutation relations[
an, a
+
m
]
= δnm , [an, am] =
[
a+n , a
+
m
]
= 0 . (7)
The vauum state |0〉 is speied as usual by the onditions
an|0〉 = 0 ∀n . (8)
We are interested in the energy of this state, it means we would like to
ompute the vauum expetation value of the Hamiltonian density H
H =
∂L
∂(∂tΦ)
∂tΦ− L = ~c
2
[
1
c2
(∂tΦ)
2 + (∂xΦ)
2
]
+
1
2
m2c2
~2
Φ2 . (9)
Inserting eq. (6) into (9) with respet to eqs. (7) and eq. (5) we easily get
the energy density in the form
〈0|H|0〉 = ~
2a
∞∑
n=1
ωn − m
2c4
2a~
∞∑
n=1
cos(2knx)
ωn
,
so, the total energy of the vauum state E(a,m) is the integral over x ∈
〈0, a〉 of the energy density given by the previous formula
E(a,m) =
~
2
∞∑
n=1
ωn . (10)
The quantity E(a,m) is evidently divergent but there is a standard possi-
bility to give a meaning to it using a regularization. One of the simplest
methods used in the authenti work [1℄ is to introdue a dumping funtion
(something like Boltzman fator) exp(−ǫω) with ǫ > 0 behind the summa-
tion sign in the eq. (10). We shall start dissusion about the regularization
iii
with the ase of massless eld (m = 0) - it simplies the situation. The
regularized energy is
Eǫ(a, 0) =
~
2
∞∑
n=1
cπn
a
exp
(
−cπn
a
ǫ
)
=
cπ
a
~
8
1
sinh2
(
cπǫ
2a
) . (11)
Now we an expand the quantity Eǫ(a, 0) into the power series in the reg-
ularization parameter ǫ and separate Eǫ(a, 0) into a sum of two parts: the
rst - singular in regularization removing (ǫ→ 0) and the seond - nit on-
tribution to the energy in the same regularization removing. The expansion
we are talking about looks like
Eǫ(a, 0) =
cπ
a
~
8
[
a2
c2~2
4
ǫ2
− 1
3
+O(ǫ2)
]
. (12)
Let us denote by Ephys(a, 0) the physial (relevant) energy of our vauum
state. Now we would like to identify this quantity with the nonsingular
term in the eq. (12), i.e. to write
Ephys(a, 0) = −π~c
24a
, (13)
but how to argue that this is the ase? One kind of argument ould be
grounded on the following. We are not interested in the energy but in the
energy dierenes
3
, i.e. Fore = (E(a + da, 0) − E(a, 0))/da is signiant
rather than energy. It means that if we perform several regularizations
and renormalizations we have to get the same result for the fore. We an
hoose the energy of Minkowski vauum per length a: (EM (a,m)) to be
zero and dene the physial value of vauum energy by
Ephys(a,m) := lim
ǫ→0+
[
Eǫ(a,m)− EMǫ (a,m)
]
. (14)
Let us ompute EM (a,m) in the anonial way presented above. The result
is
EM (a,m) =
~a
2π
∫
∞
0
ωdk , where ω =
(
m2c4
~2
+ c2k2
)1/2
. (15)
It is easy to ompute the regularized value EMǫ (a,m) for the massless eld.
One gets
EMǫ (a, 0) =
~a
2π
∫
∞
0
ωe−ǫωdk =
~a
2πc
∫
∞
0
ωe−ǫωdω =
~a
2πc
1
ǫ2
. (16)
Using the denition formula (14) for the physial value of vauum state
energy we instantly get above expetated result (13).
3
It is always so if the gravitation does not play any role.
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Marosopi eet of the vauum energy is the fore (attrative) between
the end points of the interval given in aount to the eq. (13) by
F = −dE
phys(a, 0)
da
= − π~c
24a2
.
Now we shall rewrite the above desribed alghoritm into more onve-
nient and usuable form. The renormalized vauum energy (14) is of the
form
lim
ǫ→0+
[
∞∑
n=0
Fǫ(n)−
∫
∞
0
Fǫ(x)dx
]
,
where Fǫ(n) =
~
2
cπn
a f(ǫω), with f(ǫω) - (smooth) dumping funtion, and
F is an analyti funtion in the omplex z half-plane Re(z) > 0 and the
sum and integral exist. Than we an use the so-alled Abel-Plana formula
(see eg. [5℄)
∞∑
n=0
Fǫ(n)−
∫
∞
0
Fǫ(x)dx =
1
2
Fǫ(0) + i
∫
∞
0
Fǫ(it)− Fǫ(−it)
e2πt − 1 dt . (17)
The integral on the right-hand side of the eq. (17) onverges uniformly for
all ǫ > 0, so we are allowed to perform the limit before the integration. We
easily get
Ephys(a, 0) =
1
2
0 + i
∫
∞
0
~
2
cπ
a (it)− ~2 cπa (−it)
e2πt − 1 dt = −
~cπ
a
∫
∞
0
tdt
e2πt − 1
= −~cπ
a
1
(2π)2
∞∑
k=1
∫
∞
0
ue−kudu = −~cπ
a
1
(2π)2
π2
6
= −~cπ
24a
, (18)
that is in aoord with (13).
Another way how to obtain the result (13) is to use the renormalization
that uses the so-alled zeta funtion regularization (see eg. [4℄). The idea
is to take the formula (10) and to see that it an be formally understood
as follows
E(a, 0) =
~
2
cπ
a
∞∑
n=1
n =:
~
2
cπ
a
ζ(−1) = Ephys(a, 0) , (19)
where ζ is the Riemann zeta funtion dened for omplex z with Re(z) > 1
by the sum
ζ(z) =
∞∑
n=1
n−z .
The expression ζ(−1) has to be understood as the value of analyti on-
tinuation (see eg. [5℄) of the Riemann zeta funtion into a whole omplex
v
plane. Suh a ontinuation is given by the funtional formula
4
([5℄ or [8℄)
Γ
(z
2
)
π−z/2ζ(z) = Γ
(
1− z
2
)
π(1−z)/2ζ(1− z) .
Using previous formula we get ζ(−1) = −1/12, so substituiting this value
into the eq. (19) we get instantly the result (13).
Now we are going to use the proedure of renormalization grounded on the
Abel-Plana formula (17) for the massive salar eld Φ. We have (10) and
(5)
Eǫ(a,m) =
~
2
∞∑
n=1
ωne
−ǫωn = −mc
2
4
+
∞∑
n=0
ωne
−ǫωn .
The above alulations with Fǫ(x) = ~/2
√
m2c4/~2 + π2c2/a2x2 lead to
the result
Ephys(a,m) = −mc
2
4
− ~c
4πa
∫
∞
λ
√
t2 − λ2
et − 1 dt = −
mc2
4
− ~c
4πa
λ2
∫
∞
1
√
t2 − 1
eλt − 1 dt
= −mc
2
4
− ~c
4πa
λ2
∫
∞
0
sinh2(u)
eλ cosh(u) − 1du , (20)
where
λ = 2
mca
~
.
We mention that the additive onstant term −mc2/4 does not ontribute
to the fore and that putting m = 0 we obtain the eq. (12). One an
investigate the behaviour of Ephys(a,m) in the limit of very massive eld
(λ → ∞). It is easy to see that the Casimir's energy and orresponding
Casimir's fore are exponentially (∼ e−λ) suppressed in this ase. Let us
notie that λ is nothing else as double length of our interval measured in
the unit of the Compton wave-length of mathing partile Φ.
3 Salar eld on a irle
Let us onsider now the salar eld Φ on a irle with radius equal to a > 0.
It means that our spaetime is a ylinder of radius a (x - spae oordinate:
x ∈ (0, 2πa) ) with time belonging to (−∞,∞). Equation of motion for
suh a eld is Klein-Gordon equation (2). The ase now diers from the
previous one by the boundary onditions imposed on the eld. Topology
of the irle denes the periodi boundary onditions
Φ(t, 0) = Φ(t, 2πa) ,
∂xΦ(t, 0) = ∂xΦ(t, 2πa) .
(21)
4Γ(z) is the Euler's gamma funtion.
vi
Canonial quantization leads to the expansion of the eld Φ given by the eq.
(6) with the operators an and a
+
n obeying anonial ommutation relations
(7). Normalized mode funtions u
(±)
n are given by the formulae
u(±)n (t, x) =
(
c
2aωn
)1/2
exp(±i(ωnt− knx)) ,
ωn =
[
m2c4
~2
+ c2k2n
]1/2
and kn =
n
a
with n ∈ Z . (22)
Using the expansion (6) with respet to the formulae (22) we an get the
unrenormalized energy of the vauum (one again speied by (8)) in the
form
E(a,m) =
∫ 2πa
0
〈0|H(t, x)|0〉dx = ~
2
+∞∑
n=−∞
ωn = −mc
2
2
+ ~
∞∑
n=0
ωn . (23)
The sum expressing E(a,m) is again divergent and should be renormalized.
We are going to renormalize
5
it using the Abel-Plana formula (17) with
F (z) =
~c
a
√
λ2 + z2 where λ =
mca
~
. (24)
The result is
Ephys(a,m) = −2~c
a
∫
∞
λ
√
t2 − λ2
e2πt − 1 dt = −
2~c
a
λ2
∫
∞
0
sinh2(u)
e2πλ cosh(u) − 1du .
(25)
The speial ase is the massless eld, whih orrespond to the situation λ
being zero. In this ase we are able to express Ephys in an algebraial form
Ephys(a, 0) = − ~c
12a
. (26)
We note that at λ≫ 1 both Casimir's energy and fore are again exponen-
tially suppressed by the fator e−λ. This follows from the eq. (25).
4 Salar eld on a two dimensional sphere
In this setion we shall onsider a real salar eld on a two dimensional
sphere (S2) of the radius a. It means that our spaetime is S2 × R1. Now
it is a little bit more diult to give the dynamis of the eld as in the
previous two setions. It is so due to the fat that our urrent spaetime
is urved (its Riemann urvature tensor is not zero). In general a lot of
uglinesses follow from this fat at quantum level (see eg. [3℄). Our point
5
The meaning of the denition formula (14) in this ase is the same as in the setion 2
beause the Minkowskian vauum now orresponds to the same one - vauum of Φ in the two
dimensional Minkowski spaetime.
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Figure 1: A typial dependene of the Casimir's energy of a salar eld on
both line segment and irle on λ parameter - plot of the funtion f(λ) =∫
∞
λ
√
x2 − λ2/(exp(x)− 1).
of view will be anonial. We dene the dynamis of the eld Φ giving the
Lagrangian density
L = 1
2
√
|g| [gµν∂µΦ∂νΦ− [m2 − ΞR]Φ2] , (27)
where gµν with are the omponents of the metri, in the standard spherial
oordinates (θ, φ) one has
g = c2dt⊗ dt− a2 [dθ ⊗ dθ + sin2(θ)dφ⊗ dφ] ≡ gµνdxµ ⊗ dxν ,
where |g| is the absolute value of the determinant of metri, m is the mass
of the eld, R is the salar urvature (omputed with respet to the Levi-
Civita onetion - [3℄) and Ξ is a oupling onstant to the salar urvature
- at the moment Ξ is not speied.
We shall use the oordinates (t, θ, φ) in what follows, so we put down:
g = ca2 sin(θ). The salar urvarure is given by
R = − 2
a2
.
Equation of motion whih follows from the Lagrangian density (27) is the
ovariant wave equation
|g|−1/2∂µ
(
|g|1/2gµν∂νΦ
)
+ (m2 − ΞR)Φ = 0 , (28)
or in the oordinates one obtains
∂2Φ
∂t2
− c
2
a2
∆θφΦ+ c
2
(
m2c2
~2
+
2Ξ
a2
)
Φ = 0 , (29)
viii
where ∆θφ is the standard Laplae operator on S
2
.
We see that nonzero value of Ξ orresponds only to the redenition of the
mass. It is so due to the independene of the metri on the time. In
the general ase the oupling to the urvature is very important and leads
to many eets - see [3℄. We shall use the so-alled onformal oupling
Ξ = 1/8. We an introdue the new (eetive) mass M as follows
M2c2
~2
:=
m2c2
~2
+
2Ξ
a2
. (30)
Now we have to nd a omplet orthonormal set of solutions to the eq. (29)
- say u(±)(t, θ, φ). One an separate variables in the eq. (29) putting
Φ(t, θ, φ) = exp(iωt)Ylm(θ, φ) ,
where Ylm are the spherial harmonis - they are eigenfuntions of the
Laplae operator ∆θφ on the sphere with eigenvalues −l(l + 1) where l ∈
{0, 1, 2, . . .} and m ∈ {−l,−l + 1, . . . , l}. Substituiting this ansatz to the
eq. (29) we get the following set u(±) of solutions to our equation
u
(+)
lm (t, θ, φ) =
1
a
√
c
2ωl
exp(iωlt)Ylm(θ, φ) ,
u
(−)
lm (t, θ, φ) = (u
(+)
lm (t, θ, φ))
∗ ,
(31)
whih is orthonormal (with respet to the salar produt (4)) and omplete
(this follows from the properties of spherial harmonis). The frequeny ωl
(as well as energy) depends only on the quantum number l and is given by
ωl =
[
m2c4
~2
+
c2
a2
(2Ξ + l(l + 1))
]1/2
=
[
M2c4
~2
+
c2
a2
l(l + 1)
]1/2
. (32)
Field operator Φ an be expanded into the modes u
(±)
lm as follows
Φ =
∞∑
l=0
l∑
m=−l
[
u
(+)
lm a
+
lm + u
(−)
lm alm
]
, (33)
where a+ and a are reation and annihilation operators obeying the om-
mutation relations
[a+lm, al′m′ ] = −δll′δmm′ [alm, al′m′ ] = [a+lm, a+l′m′ ] = 0 .
Now we an insert this expansion into the Hamiltonian density, onstruted
from the Lagrangian density (27) in a anonial way, integrate over all
sphere with the result - unrenormalized energy of the vauum state is
6
E(a,m) =
~
2
∞∑
l=0
(2l + 1)ωl = ~
∞∑
l=0
(
l +
1
2
)
ωl =
6
In this formula this property of spherial harmonis has been used:
l∑
m=−l
Ylm(θ, φ)Y
∗
lm(θ, φ) =
2l+ 1
4π
ix
= ~
∞∑
l=0
(
l +
1
2
)√
M2c4
~2
+
c2
a2
l(l + 1)
=
~c
a
∞∑
l=0
(
l +
1
2
)√
m2c2
~2
+
(
l +
1
2
)2
. (34)
Sine E(a,m) is divergent it should be renormalized. We are going to use
the Abel-Plana formula (its light modiation) to do it. But before do this
we would like to mention that the fat M2 ≥ 0 follows from the formulae
(31) and (32) and its physial interpretation. If it is not the ase we will
get at least one exponentially (in time) expanding and dereasing mode
that does not play with the probability preservation. One an understant
to this fat as a onstraint to the value of Ξ at the given values of m and
a.
The possibility to use something like Abel-Plana formula (17) is grounded
on the fat (we are using the same logi as in the seond setion now) that
the energy of Minkowski vauum (2+1 Minkowski spae) per area of the
sphere of radius a (4πa2) is given by
EM (a,m) = 4πa2
~
2
∫
∞
−∞
∫
∞
−∞
dk1dk2
(2π)2
c
√
k21 + k
2
2 +
m2c2
~2
=
a2~c
∫
∞
0
dkk
√
k2 +
m2c2
~2
=
~c
a
∫
∞
0
dzz
√
z2 +
M2c2a2
~2
.(35)
Now, ombining the last two formulae, we are able to use the half-integer
Abel-Plana formula (see [5℄):
∞∑
n=0
F (n + 1/2) −
∫
∞
0
dzF (z) = −i
∫
∞
0
F (iz) − F − iz)
e2πz + 1
,
with F (z) = ~c/az
√
z2 + λ2 where
λ =
mca
~
,
to get the nal result for the Casimir's energy. Computations lead to
Ephys(a,m) = 2mc2λ2
∫ 1
0
z
√
1− z2
exp(2πλz) + 1
dz . (36)
The Casimir's energy on a sphere is not exponentially suppressed at
large value of the eld mass m, but the fore is. So we have got the similar
result for the behaviour of the Casimir eet at the very large value of the
eld mass as in the two previous setions. The energy Ephys(a,m) inreases
as the radius inreases, so the Casimir's fore makes the sphere be small -
it is attrative.
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Figure 2: Casimir's energy and fore on the two dimensional sphere. Plots of
the funtions: f(λ) = λ2
∫ 1
0
z
√
1− z2/(exp(2piλz) + 1)dz (energy) and its rst
derivative (absolute value of the fore).
5 Salar eld on non-ommutative two di-
mensional sphere
Sine the works of Alan Connes [9℄ the ideas of the non-ommutative (NC)
geometry have been applied to physis many times. In the ase of two
dimensional models (two spae dimensions + external ommutative time
or one spae dimension and one nonommuting time) there is a lot of papers
in whih the quantum mehanis and the eld theory have been formulated.
For the review see [12℄ and the referenes therein. Speial eets have been
investigated in [11℄. The physial idea to replae our standard point of
view on the spaetime by the NC geometry is based on the statement that
at very short distanes the standard onept of a smooth manifold would
hange into somewhat else. "The short distanes" are usually aepted to
be of the Plank length lP :
lP =
(
κ~
c
)1/2
≈ 10−35m ,
where κ ≈ 6.67 × 10−11Nm2kg−2 is the Newton gravitational onstant.
One of the main goals of the eld theories formulated on nonommutative
versions of the standard spaes is that the UV-regularization appears auto-
matially in suh theories if the spae under onsideration is ompat (like
S2). This is aused by the fat that all operators have nite dimensional
representations (they an be written as the matries of nite rank) and
therefore there is no plae for UV-divergenes. But in the ase of non-
ompat spaes the situation quite diers and UV-divergenes persist in
the theory [13℄.
As we have seen in the setion four, the salar eld on the standard - om-
xi
mutative - sphere an be expanded into the series (33), where the spae-
dependene of Φ is enoded in the spherial harmonis Ylm(θ, φ). So, at
the xed moment of time it holds
Φ(t, ~x) = Φ(~x) =
∑
lm
αlmYlm(~x) ,
where αlm are the omplex onstants obeying: αl−m = α
∗
lm due to the fat
the eld is real. It means that the salar eld Φ is a funtion S2 → R at the
xed moment of time. In [10℄ the idea is used that the property Φ is dened
on S2 is enoded in the properties of spherial harmonis Ylm that are a
funtional representation of the rotation group SO(3). The funtion Φ an
be also treated as the funtion of three real parameters (x1, x2, x3) ∈ R3
with the onstraint x21 + x
2
2 + x
2
3 = a
2 > 0. The set of all those funtions
forms the ommutative algebra A∞7.
The nonommutativity of the sphere is introdued putting down the non-
trivial ommutation relations
[xˆi, xˆj ] = iγǫijkxˆk i, j, k ∈ {1, 2, 3} , (37)
where γ is a real fundamental onstant haraterizing the spae non-ommutativity
and operators xˆi supply the standard artesian oordinates xi. The on-
straint dening the sphere radius
xˆ21 + xˆ
2
2 + xˆ
2
3 = a
2Id , (38)
is onsidered, too
8
. It is easy to verify that these two relations are not in
ontradition. Now we loose the interpretation of xˆi as the points due to
nontrivial ommutation relations (37). This situation is well-known from
the phase-spae piture of quantum mehanis where the Heisenberg un-
ertainty priniple, as a onsequene of ommutation relation [x, px] = i~,
removes the idea of pointwise phase spae of the lassial mehanis. There
are no points but only the ells of area 2π~ in whih a partile an be
loalized. By the salar eld Φˆ on the NC sphere we shall onsider any
(operator-valued) funtion of (xˆ1, xˆ2, xˆ3) like in ommutative ase. The set
of all those funtions forms again an algebra but now the algebra is non-
ommutative due to the eq. (37). We denote it by AN , where a number N
should be speied by onstrution of a representation of our ommutation
relation.
7
Algebra is a linear spae where a produt ".": A∞ × A∞ → A∞ is dened and some
standard axioms hold. In our ase, the algebra's produt is nothing else as the pointwise
produt of real-valued funtions: (Φ1.Φ2)(x) := Φ1(x)Φ2(x), whih is, of ourse, ommutative:
Φ1.Φ2 = Φ2.Φ1 for eah pair of funtions Φ1,Φ2.
8
We mention if we onsidered the relations (37) we would not straighforward get the NC
version of three dimensional spae (the standard onguration spae for a free partile). It is
so due to the fat that the relations (37) are not invariant under spae translations whih are
usually onsidered to be the fundamental symmetries of the spae.
xii
In [10℄ the representation of the ommutation relations (37) with the on-
straint (38) has been done using Wigner-Jordan realization of the genera-
tors xˆi of our NC algebra. The result is that suh a representation is nite
dimensional with dimension of N that depends on the values of a and γ by
a
γ
=
√
N
2
(
N
2
+ 1
)
. (39)
Some dierential operators like Laplaian play an important role in the
eld theory, espeially on the sphere. In our ase we should be interested
in Laplaian (squared angular momentum). On the standard sphere ∆ =∑3
i=1 J
2
i , where Ji are the anglular momentum operator whih may be
treated as the Killing's vetor elds on sphere. They at on a funtion
Φ ∈ A∞ as follows
(JiΦ)(~x) = −iǫijkxj ∂Φ
∂xk
(~x) .
There are natural analogues Jˆi of the operators Ji in the ase of NC algebra
AN :
JˆjΦˆ := [Xˆi, Φˆ] ,where Xˆi = xˆi/γ and Φˆ ∈ AN . (40)
Operators Jˆi satisfy the same ommutation relations as Ji (su(2) - om-
mutation relation): [Jˆi, Jˆj ] = iǫijkJˆk. In [10℄ the eigenfutions Yˆlm of∑
i Jˆ
2
i =: Jˆ
2
are onstruted. They are similar to the spherial harmonis,
it holds
Jˆ2Yˆlm = l(l + 1)Yˆlm with l ∈ {0, 1, 2, . . . , N(a, γ)} m ∈ {−l, . . . , l} .
The number N(a, γ) is a natural uto. Now we ould add to our alge-
bra AN one external ommutative parameter - time - in aord with the
expansion (33). Then the eld expansion on the NC sphere with added
ommutative time is of the form
Φˆ =
N(a,γ)∑
l=0
l∑
m=−l
[
eiωltYˆlma
+
lm + e
−iωltYˆ ∗lmalm
]
, (41)
where N(a, γ) is given by (39). So, if we omit all no-interesting parameters
now (like mass, speed of light), we an write for the energy of ground state
- vauum ENC(a, γ)
ENC(a, γ) ∼ a2
N(a,γ)∑
l=0
(2l + 1)
√
1 +
1
a2
l(l + 1) . (42)
We see that ENC(a, γ) is nite, so no regularization is needed. There is
shown a dependene of the Casimir's energy (42) on the spere radius a
on the two gures bellow. For large value of N , i.e. large value of the
xiii
fration a/γ it is almost proportional to a4, so the Casimir's fore, whih
is also attrative, is proportional to a3. At the small values of the fration
a/γ this dependene is stair-step but always Casimir energy inreases with
the sphere radius. So we see that the result is not in aord with the
ommutative one where the Casimir's fore might ahieve a maximum at
the suitable ombination of parameters a and m.
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Figure 3: Casimir's energy on a nonommutative two-sphere.
6 Disussion
In this paper, we have investigated the Casimir eet in various situations.
In the setions 2-4 the omputations of Casimir's energy of a salar eld on
the standard smooth spaes have been done. Two dierent ways of appear-
ing of Casimir eet have been presented: in the rst setion the Casimir's
energy is aused by the boundaries and in the setions two and three by
the topologies of spaes under onsideration. These results are known and
may be found in large literature, for example see the referenes [2℄, [3℄
and the referenes therein. The new result is presented in the fth se-
tion where the Casimir's energy on non-ommutative two sphere has been
omputed. This ase diers from the others beause of the nite number
of eld modes aused by the nonommutativity. So, the Casimir's energy
(42) is nite without any renormalization and depends on the radius of the
sphere and the nonommutative parameter γ. One ould expet that an
interesting thing is to investigate what happens as γ tends zero. It is very
often (see for example [14℄) mentioned that one is able to get the standard
(ommutative) results from the nonommutative ones in the limit γ = 0.
We see that it is not the ase when interested in Casimir eet beause
if we do the limit γ → 0 in (42) we will not obtain the result (36). We
would get only the innite expression whih ould be understood as the
starting point for the renormalization proedure. This dierene between
xiv
the features of the Casimir eets on a ommutative spae and its non-
ommutative version is known in the ase of a nonommutative ylinder
- the rst referene of [11℄. In this ase the spaetime is a ylinder times
the real time. Nonommutativity appears only on the ylinder (the time
is ommutative). The nonommutativity does not lead to a natural uto
of the eld modes beause the ylinder is not a ompat spae. So, the
omputation of Casimir's energy involves a renormalization and regular-
ization. The result is essentially dierent from the ommutative one. In
the ase of nonommutative ylinder the Casimir's energy per unit length
does not depend on the ylinder radius r but in the ommutative ase this
quantity depends on r as r−2. Suh disrepanes might be aused by the
fat that our (or [11℄) eld theories are not built on the spae-times with
usual symmetries - the time is always added to the nonommutative spae
as an external ommuting parameter whih annot be mixed with others
oordinates. In this way, the situation is rather similar to the nonrelativis-
ti quantum mehanis than to a relativisti theory. Maybe, it should be
found another way to onstrut a eld theory on a nonommutative spae
as presented above or in [11℄.
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